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BOUNDEDNESS OF LOG PLURICANONICAL REPRESENTATIONS
OF LOG CALABI–YAU PAIRS IN DIMENSION 2
CHEN JIANG AND HAIDONG LIU
Abstract. We show the boundedness of B-pluricanonical representations of lc log Calabi–
Yau pairs in dimension 2. As applications, we prove the boundedness of indices of slc log
Calabi–Yau pairs up to dimension 3 and that of non-klt lc log Calabi–Yau pairs in dimen-
sion 4.
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1. Introduction
In the framework of Fujino [9], the finiteness of B-pluricanonical representations (or
equally, log pluricanonical representations, see Definition 2.2) plays an important role in
the study of the abundance conjecture in the minimal model program. The finiteness of
B-pluricanonical representations was investigated by Fujino [9] and Gongyo [16] after the
work of Nakamura–Ueno [27] and Deligne [30, Section 14], and proved in its full generality
by Fujino–Gongyo [15].
In this paper, we are interested in the B-pluricanonical representations of log Calabi–
Yau pairs. Log Calabi–Yau pairs form an important class in the minimal model program.
It is expected that log Calabi–Yau pairs should satisfy certain boundedness properties, see
[1, 2, 7, 6, 4, 21, 32] for related works. Therefore, it is natural to consider the following
conjecture on boundedness of B-pluricanonical representations of log Calabi–Yau pairs (cf.
[10, Conjecture 3.2], [32, Conjecture 1.9], [8, Conjecture 8.3]).
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Conjecture 1.1. Let m, d be two positive integers. Then there exists a positive integer N
depending only on m, d satisfying the following property: if (X,∆) is a projective connected
lc pair of dimension d such that m(KX + ∆) ∼ 0, then |ρkm(Bir(X,∆))| ≤ N for any
positive integer k.
Remark 1.2. If (X,∆) is a projective connected lc pair of dimension d such that m(KX+
∆) ∼ 0, then H0(X, km(KX +∆)) ≃ C for any positive integer k. Hence ρkm(g) ∈ C∗ and
ρkm(g) = ρm(g)
k for any g ∈ Bir(X,∆). So
|ρkm(Bir(X,∆))| ≤ |ρm(Bir(X,∆))| ≤ k|ρkm(Bir(X,∆))|.
Therefore, in Conjecture 1.1, it suffices to consider the case k = 1.
Remark 1.3. In Conjecture 1.1, the assumptions that (X,∆) is connected and lc are
necessary. In fact, it is easy to see that |ρm(Bir(X,∆))| could not be bounded uniformly
unless the number of irreducible components of X is bounded. For example, if X is a
cycle of smooth rational curves or a disjoint union of several copies of an elliptic curve,
then KX ∼ 0 but |ρ1(Bir(X, 0))| depends on the number of irreducible components of X
(a rotation of irreducible components of X gives a B-pluricanonical representation).
Conjecture 1.1 can be easily proved in dimension 1, see [9, Theorem 3.3], [31, Page 18],
or [8, Proposition 8.4]. But it was still open even in dimension 2. As the main result of
this paper, we give an affirmative answer to Conjecture 1.1 in dimension 2.
Theorem 1.4 (=Theorem 3.1 + Theorem 3.6). Let m be a positive integer. Then there
exists a positive integer N depending only on m satisfying the following property: if
(S,B) is a projective connected lc pair of dimension 2 such that m(KS + B) ∼ 0, then
|ρkm(Bir(S,B))| ≤ N for any positive integer k.
In the framework of Fujino [9], it is known that Conjecture 1.1 is closely related to the
following index conjecture for log Calabi–Yau pairs (cf. [32, Conjecture 1.3]):
Conjecture 1.5 (Index conjecture). Let I be a finite set in [0, 1]∩Q and d a positive in-
teger. Then there exists a positive integer m depending only on I, d satisfying the following
property: if (X,∆) is a projective slc pair of dimension d such that the coefficients of ∆
are in I and KX +∆ ∼Q 0, then m(KX +∆) ∼ 0.
Recently this conjecture was studied by the first author [21] and Xu [31, 32]. It was
proved in dimension 2 [31], and in dimension 3 for lc pairs [21, 32]. As applications
of Theorem 1.4, we prove the boundedness of indices of slc log Calabi–Yau pairs up to
dimension 3.
Corollary 1.6. Conjecture 1.5 holds in dimension ≤ 3. To be more precise, let I be a
finite set in [0, 1]∩Q. Then there exists a positive integer m depending only on I satisfying
the following property: if (X,∆) is a projective slc pair of dimension at most 3 such that
the coefficients of ∆ are in I and KX +∆ ∼Q 0, then m(KX +∆) ∼ 0.
Corollary 1.7. Conjecture 1.5 holds for connected non-klt lc pairs in dimension 4. To
be more precise, let I be a finite set in [0, 1] ∩ Q. Then there exists a positive integer m
depending only on I satisfying the following property: if (X,∆) is a projective connected
non-klt lc pair of dimension 4 such that the coefficients of ∆ are in I and KX +∆ ∼Q 0,
then m(KX +∆) ∼ 0.
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2. Preliminaries
2.1. Notation and conventions. We work over the complex number field C throughout
this paper. We freely use the basic notation of the minimal model program in [26]. In this
paper, we consider only Q-divisors instead of R-divisors. A scheme is always assumed to
be separated and of finite type over C. The dimension of a scheme is the pure dimension of
that scheme, that is, when we consider the dimension of a scheme X , X is always assumed
to be of pure dimension. A variety is a reduced and irreducible scheme. A curve (resp.
surface) is a variety of dimension 1 (resp. 2). A normal scheme consists of the disjoint
union of irreducible normal schemes.
Let D be a Q-divisor on a normal scheme X , that is, D is a finite formal sum
∑
i diDi
where di ∈ Q and {Di}i are distinct prime divisors on X . We put
D<1 =
∑
di<1
diDi, D
≤1 =
∑
di≤1
diDi, and D
=1 =
∑
di=1
Di.
We also put ⌊D⌋ =∑i⌊di⌋Di where ⌊di⌋ is the integer defined by di − 1 < ⌊di⌋ ≤ di, and
put {D} = D − ⌊D⌋.
2.2. Singularities of pairs. A sub-pair (X,∆) consists of a normal scheme X and a Q-
divisor ∆ on X such that KX +∆ is Q-Cartier. Let f : Y → X be a projective birational
morphism from a normal scheme Y . Then we can write
KY = f
∗(KX +∆) +
∑
E
a(E,X,∆)E
with
f∗
(∑
E
a(E,X,∆)E
)
= −∆,
where E runs over prime divisors on Y . We call a(E,X,∆) the discrepancy of E with
respect to (X,∆). Note that we can define the discrepancy a(E,X,∆) for any prime
divisor E over X by taking a suitable resolution of singularities of X . If a(E,X,∆) ≥ −1
(resp. a(E,X,∆) > −1) for every prime divisor E over X , then (X,∆) is called sub log
canonical (sub-lc for short) or sub Kawamata log terminal (sub-klt for short) respectively.
If ∆ is effective, then a sub-pair (X,∆) is called a pair, and (X,∆) is called lc (resp. klt)
if it is sub-lc (resp. sub-klt). A divisorial log terminal (dlt for short) pair is a limit of klt
pairs in the sense of [26, Proposition 2.43] (see [26, Definition 2.37 and Proposition 2.40]
for precise definitions).
Let (X,∆) be a sub-lc pair. If there exist a projective birational morphism f : Y → X
from a normal scheme Y and a prime divisor E on Y with a(E,X,∆) = −1, then f(E) is
called an lc center of (X,∆).
Let X be a reduced scheme of pure dimension which satisfies Serre’s S2 condition and
is normal crossing in codimension one. Let ∆ be an effective Q-divisor on X such that no
irreducible component of Supp∆ is contained in the singular locus of X and KX + ∆ is
Q-Cartier. We say that (X,∆) is a semi log canonical (slc for short) pair if (Xν ,∆Xν ) is
log canonical, where ν : Xν → X is the normalization of X and KXν +∆Xν = ν∗(KX+∆),
that is, ∆Xν is the sum of the inverse image of ∆ and the conductor of X . We say that
(X,∆) is a semi divisorial log terminal (sdlt for short) pair if (Xν ,∆Xν ) is dlt, and every
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irreducible component of X is normal. Note that an sdlt pair is naturally an slc pair. For
more details of slc and sdlt pairs, see [9, 11, 23, 24].
2.3. Log Calabi–Yau pairs. A pair (X,∆) is called a log Calabi–Yau pair if X is pro-
jective and KX +B ∼Q 0, and the (global) index of (X,∆) is the minimal positive integer
m such that m(KX +∆) ∼ 0.
2.4. B-birational maps. We recall basic knowledge on B-birational maps and B-pluricanonical
representations introduced by [9]. For more details, see [9, 15, 16] and the references
therein.
Definition 2.1 ([9, Definition 1.5] or [15, Definition 2.11]). Let (X,∆) and (Y,∆Y ) be
two sub-pairs. A proper birational map f : (X,∆) 99K (Y,∆Y ) is called B-birational if
there exists a common resolution
W
α
{{✇✇
✇✇
✇✇
✇✇
✇
β
##❍
❍❍
❍❍
❍❍
❍❍
(X,∆)
f
//❴❴❴❴❴❴❴ (Y,∆Y )
such that α∗(KX +∆) = β∗(KY +∆Y ). In this case, we say that (Y,∆Y ) is a B-birational
model or a crepant model of (X,∆). Let
Bir(X,∆) = {f |f : (X,∆) 99K (X,∆) is B-birational}.
Then Bir(X,∆) has a natural group structure under compositions of maps.
Definition 2.2 ([9, Definition 3.1] or [15, Definition 2.14]). Let (X,∆) be a sub-pair.
Fix a positive integer m such that m(KX + ∆) is Cartier. Then a B-birational map
f : (X,∆) 99K (X,∆) naturally induces a linear automorphism of H0(X,m(KX + ∆)).
This gives a group homomorphism
ρm : Bir(X,∆)→ AutC(H0(X,m(KX +∆))).
The homomorphism ρm is called a B-pluricanonical representation or log pluricanonical
representation for (X,∆). We sometimes denote ρm(g) by g
∗ for g ∈ Bir(X,∆) if there is
no danger of confusion.
Remark 2.3. As explained in [15, Remark 2.12], if f : (X,∆) 99K (Y,∆Y ) is a B-birational
map, then there is a group isomorphism Bir(X,∆) ≃ Bir(Y,∆Y ) given by g 7→ f ◦ g ◦ f−1.
For B-pluricanonical representation, we have the following finiteness theorem proved by
Fujino–Gongyo [15] (later Hacon–Xu [20] gave a different proof for a weaker statement).
It is a log version of Nakamura–Ueno [27] and Deligne–Ueno’s finiteness theorem of pluri-
canonical representations [30, Theorem 14.10].
Theorem 2.4 ([15, Theorem 1.1]). Let (X,∆) be a projective lc pair. Assume that m(KX+
∆) is Cartier and KX +∆ is semi-ample. Then ρm(Bir(X,∆)) is a finite group.
2.5. Cyclic coverings. We recall the construction of m-fold cyclic coverings.
For simplicity, we assume that X is a smooth variety, ∆ is a Q-divisor on X with simple
normal crossing support such that KX + ∆ ∼Q 0. Take m ∈ Z>0 to be the minimal one
such that m(KX +∆) ∼ 0. Then there is an m-fold cyclic covering corresponding to the
effective divisor m{∆} ∼ m(−KX − ⌊∆⌋) given by
µ : X˜ = Spec
(
m−1⊕
i=0
L−i(⌊i{∆}⌋)
)
→ X
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where L = OX(−KX − ⌊∆⌋) (cf. [23, 2.3]). There is also an alternative description of
above m-fold cyclic covering as
µ : X˜ = Spec
(
m−1⊕
i=0
OX(⌊i(KX +∆)⌋)
)
→ X
as in [13, Section 6] by m(KX + ∆) ∼ 0. More precisely, fix a non-zero section ω ∈
H0(X,m(KX +∆)), the OX -algebra structure of
⊕m−1
i=0 OX(⌊i(KX +∆)⌋) is given by the
natural multiplication
OX(⌊i(KX +∆)⌋)⊗OX(⌊j(KX +∆)⌋)→ OX(⌊(i+ j)(KX +∆)⌋)
if i+ j < m, and by the multiplication
OX(⌊i(KX +∆)⌋)⊗OX(⌊j(KX +∆)⌋)→ OX(⌊(i+ j)(KX +∆)⌋)
×ω−1−→ OX(⌊(i+ j −m)(KX +∆)⌋)
if i+ j ≥ m. Since we have
L−i(⌊i{∆}⌋) = OX(iKX + i⌊∆⌋ + ⌊i{∆}⌋) = OX(⌊i(KX +∆)⌋),
these two descriptions are indeed isomorphic. Note that X˜ is not necessarily smooth, but
it is normal and irreducible by the minimality of m. Also note that µ is e´tale outside
Supp{∆}. Since the construction of X˜ depends on the choice of ω, usually we denote this
covering by µ : X˜ω → X. By the construction, there exists a Q-divisor ∆X˜ω on X˜ω such
that KX˜ω +∆X˜ω = µ
∗(KX +∆) and KX˜ω +∆X˜ω ∼ 0.
In order to consider the lifting of B-birational maps after cyclic coverings, we have the
following lemma.
Lemma 2.5. Keep the above setting. Let α : (W,∆W ) → (X,∆) be a log resolution such
that m(KW+∆W ) = mα
∗(KX+∆) ∼ 0. Fix a non-zero section ω¯ ∈ H0(W,m(KW+∆W )).
Let µ : X˜ω → X (resp. ν : W˜ω¯ → W ) be the m-fold cyclic covering given by the section ω
(resp. ω¯). Then there exists a birational morphism α˜ω,ω¯ : W˜ω¯ → X˜ω making the following
diagram commute:
(2.1) W˜ω¯
ν

α˜ω,ω¯
// X˜ω
µ

W α
// X.
Proof. Since H0(W,m(KW + ∆W )) ≃ C by assumption, we can take a t ∈ C∗ such that
ω¯ = tα∗ω. Fix a primitive m-th root m
√
t of t. We construct a morphism α˜ω,ω¯ : W˜ω¯ → X˜ω
following the construction of the m-fold cyclic covering. Note that there exists a natural
isomorphism (see [28, II.2.11])
OX(⌊i(KX +∆)⌋) ≃ α∗OW (⌊i(KW +∆W )⌋)
for every i ≥ 0. We can consider the following “twisted” isomorphism
OX(⌊i(KX +∆)⌋) ≃ α∗OW (⌊i(KW +∆W )⌋) ×
m
√
ti−→ α∗OW (⌊i(KW +∆W )⌋),
then it is easy to check that the induced isomorphism
m−1⊕
i=0
OX(⌊i(KX +∆)⌋) −→
m−1⊕
i=0
α∗OW (⌊i(KW +∆W )⌋)
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is compatible with OX -algebra structures. So this isomorphism gives a birational morphism
between coverings α˜ω,ω¯ : W˜ω¯ → X˜ω. 
Then we can show that B-birational maps lift to cyclic coverings.
Lemma 2.6. Let X be a smooth variety, ∆ a Q-divisor on X with simple normal crossing
support such that KX +∆ ∼Q 0. Take m ∈ Z>0 to be the minimal one such that m(KX +
∆) ∼ 0. Let µ : X˜ω → X be the m-fold cyclic covering given by a non-zero section
ω ∈ H0(X,m(KX + ∆)). Then a B-birational map g : (X,∆) 99K (X,∆) can be lifted to
a B-birational map g′ : (X˜ω,∆X˜ω) 99K (X˜ω,∆X˜ω) commuting with µ.
Proof. Consider a common log resolution
(W,∆W )
α
yyss
ss
ss
ss
ss β
%%▲
▲▲
▲▲
▲▲
▲▲
▲
(X,∆)
g
//❴❴❴❴❴❴❴❴❴❴ (X,∆).
Fix a non-zero section ω¯ ∈ H0(W,m(KW + ∆W )). Then by Lemma 2.5, we have the
following commutative diagram
W˜ω¯
α˜ω,ω¯
xxqq
qq
qq
qq
qq
qq
q
ν

β˜ω,ω¯
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
X˜ω
µ

X˜ω
µ

W
α
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
β
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
X g
//❴❴❴❴❴❴❴❴❴❴❴❴❴❴ X
Note that
α˜∗ω,ω¯(KX˜ω +∆X˜ω) = ν
∗α∗(KX +∆) = ν∗β∗(KX +∆) = β˜∗ω,ω¯(KX˜ω +∆X˜ω).
Hence β˜ω,ω¯ ◦ α˜−1ω,ω¯ : (X˜ω,∆X˜ω) 99K (X˜ω,∆X˜ω) is the required B-birational map. 
The following lemma is a special case of [16, Proposition 4.9] (see also [30, Proposition
14.4]). The proof is essentially the same as that in [16, Proposition 4.9]. Note that in [16,
Proposition 4.9], cyclic coverings and liftings of B-birational maps are constructed locally
and analytically, so here we modify the proof by the algebraic construction of coverings
and liftings (Lemma 2.6).
Lemma 2.7 (cf. [16, Proposition 4.9], [15, Remark 3.6]). Let (X,∆) be a projective sub-klt
pair of dimension d such that X is smooth connected, ∆ is with simple normal crossing
support, and KX+∆ ∼Q 0. Take m ∈ Z>0 to be the minimal one such that m(KX+∆) ∼ 0.
Fix a non-zero section ω ∈ H0(X,m(KX + ∆)). Let µ : X˜ω → X be the m-fold cyclic
covering given by the section ω. Take φ : V → (X˜ω,∆X˜ω) to be any log resolution. Take
NV to be the least common multiple of all positive integers k such that ϕ(k) ≤ bd(V ) where
bd(V ) is the d-th Betti number of V and ϕ is the Euler function. Then for any B-birational
map g ∈ Bir(X,∆), (g∗)NV is the identity map on H0(X,m(KX +∆)) ≃ C. In particular,
|ρm(Bir(X,∆))| ≤ NV .
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Proof. Fix any B-birational map g ∈ Bir(X,∆). Suppose that g∗ω = λω for some λ ∈ C∗.
It suffices to show that λNV = 1.
We can view ω ∈ H0(X,m(KX+∆)) as a non-zero meromorphic m-ple d-form. Then by
the cyclic covering construction, there is a non-zero meromorphic d-form ωV ∈ H0(V,KV +
∆V ) on V such that
(ωV )
m = φ∗µ∗ω,
where KV + ∆V = φ
∗(KX˜ω + ∆X˜ω). As (X,∆) is sub-klt, (V,∆V ) and (X˜ω,∆X˜ω) are
sub-klt by [26, Proposition 5.20]. By [15, Lemmas 3.4], ω is L2/m-integrable. Hence
ωV |V \Supp(∆V ) is L2-integrable and ωV is a holomorphic d-form by [22, Proposition 16] or
[15, Lemma 3.3]. That is, ωV ∈ H0(V,KV ) ⊂ Hd(V,Z) ⊗ C. By Lemma 2.6, there is a
lifting g′ ∈ Bir(X˜ω,∆X˜ω) which naturally lifts to gV ∈ Bir(V,∆V ) such that
g∗V (ωV )
m = g∗V φ
∗µ∗(ω) = φ∗µ∗g∗ω = φ∗µ∗(λω) = λ(ωV )
m.
As H0(V,KV + ∆V ) ≃ C, we can write g∗V (ωV ) = λ′ωV for some λ′ ∈ C∗ with (λ′)m = λ.
By [30, Proposition 14.4 and Theorem 14.10], we immediately see that (λ′)NV = 1. More
precisely, by [30, Theorem 14.10], λ′ is a root of unity; by [30, Proposition 14.4], λ′ is an
algebraic integer and the degree of the minimal polynomial of λ′ with coefficients in Q
is bounded from above by bd(V ), hence (λ
′)NV = 1 by the definition of NV . Therefore,
(λ)NV = (λ′)mNV = 1. 
2.6. Bounded pairs. A collection of projective varieties D is said to be bounded if there
exists a projective morphism h : X → T between schemes of finite type such that each
X ∈ D is isomorphic to Xt for some closed point t ∈ T where Xt = h−1(t).
We say that a collection of projective connected log pairs D is log bounded if there is a
scheme X , a reduced divisor B on X , and a projective morphism h : X → T , where T is
of finite type and B does not contain any fiber, such that for every (X,B) ∈ D, there is
a closed point t ∈ T and an isomorphism f : Xt → X such that Bt := B|Xt coincides with
the support of f−1∗ B.
Moreover, if D is a set of connected log Calabi–Yau pairs, then it is said to be log bounded
modulo B-birational contractions if there exists another set D′ of connected log Calabi–
Yau pairs which is log bounded, and for each (X,B) ∈ D, there exists (X ′, B′) ∈ D and a
B-birational map g : (X,B) 99K (X ′, B′) which is a contraction, that is, g does not extract
any divisor. Here we remark that the concept of log boundedness modulo B-birational
contractions is a weaker version of “log boundedness modulo flops” introduced in [6, 21],
in which g is assumed to be isomorphic in codimension 1.
3. Proof of the main theorem
In this section, we prove Theorem 1.4. The proof splits into two parts: the klt case and
the non-klt case. We will use different methods to treat them.
3.1. Klt case. In this subsection, we deal with the klt case.
Theorem 3.1. Let m be a positive integer. Then there exists a positive integer N depending
only on m satisfying the following property: if (S,B) is a projective connected klt pair of
dimension 2 such that m(KS +B) ∼ 0, then |ρkm(Bir(S,B))| ≤ N for any positive integer
k.
Proof. First we consider the case that B = 0 and S has at worst du Val singularities. In
this case, the boundedness of |ρm(Bir(S,B))| is well-known to experts (cf. [10, Proposition
3.6]). We briefly recall the proof here for the reader’s convenience. By Remark 2.3, we may
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assume that S is smooth after taking the minimal resolution. Take r to be the minimal
positive integer such that rKS ∼ 0. Take S˜ → S to be the index 1 cover of KS, that is,
the r-fold cyclic covering given by a non-zero section in H0(S, rKS), then S˜ is a projective
smooth surface with KS˜ ∼ 0. By the classification theory of surfaces (for example [3,
Chapter VIII]), b2(S˜) ≤ 22. Hence by Lemma 2.7, there exists a constant N1 independent
of S such that |ρr(Bir(S,B))| ≤ N1. In particular, |ρm(Bir(S,B))| ≤ |ρr(Bir(S,B))| ≤ N1
as r divides m.
From now on, we consider the case that B 6= 0 or S has worst than du Val singularities.
In this case, S belongs to a bounded family by [1, Theorem 6.9]. Moreover, asm(KS+B) ∼
0, (S,B) belongs to a log bounded family by standard arguments (see, for example, [5,
Lemma 2.20]). Then by Theorem 3.2 below, there exist two positive integers k2 and N2
independent of (S,B) such that k2(KS + B) ∼ 0 and |ρk2(Bir(S,B))| ≤ N2. By Remark
1.2, |ρm(Bir(X,∆))| ≤ k2|ρk2m(Bir(X,∆))| ≤ k2N2.
So summarizing two cases, we can just take N = max{N1, k2N2}. 
We show the following more general result on boundedness of B-pluricanonical repre-
sentations in a family which is log bounded modulo B-birational contractions.
Theorem 3.2. Let m, d be two positive integers. Let D be a set of connected klt log
Calabi–Yau pairs of dimension d which is log bounded modulo B-birational contractions,
such that for each (X,B) ∈ D, mB is an integral divisor. Then there exist two positive
integers k and N depending only on D such that, if (X,B) ∈ D, then k(KX +B) ∼ 0 and
|ρk(Bir(X,B))| ≤ N .
Proof. Note that if (X,B) 99K (X ′, B′) is a B-birational contraction and (X,B) is a con-
nected klt log Calabi–Yau pair, then (X ′, B′) is automatically a connected klt log Calabi–
Yau pair and mB′ is integral. Moreover, k(KX + B) ∼ 0 if and only if k(KX′ + B′) ∼ 0,
and in this case |ρk(Bir(X,B))| = |ρk(Bir(X ′, B′))| by Remark 2.3. So after replacing D
by D′ as in the definition of log boundedness modulo B-birational contractions, we may
further assume that D is a log bounded family of connected klt log Calabi–Yau pairs of
dimension d. Note that by Global ACC [17, Theorem 1.5] (see [19, Proof of Proposition
3.1]), there exists a constant ǫ ∈ (0, 1) such that (X,B) is ǫ-lc for any (X,B) ∈ D.
By the definition of log boundedness, there is a scheme X and a projective morphism
h : X → T , a reduced divisor B′ on X , where T is of finite type and B′ does not contain
any fiber, such that for every (X,B) ∈ D, there is a closed point t ∈ T and an isomorphism
f : Xt → X such that B′t := B′|Xt coincides with the support of f−1∗ B. As the coefficients
of B are in a fixed finite set, after replacing T by disjoint union of locally closed subsets,
we may assume that there exists a Q-divisor B on X such that for every (X,B) ∈ D,
(X,B) ≃ (X ,B)|Xt for some fiber Xt. Moreover, by applying [19, Proposition 2.4] and the
Noetherian induction, we may further assume that KX +B is Q-Cartier, (X ,B) is klt, and
the set of points t corresponding to (X,B) ∈ D is dense in T . Replacing T by disjoint union
of locally closed subsets ∪iTi while taking log resolutions of X , we may assume that there
are finitely many smooth varieties Ti and projective morphisms (Wi, Ei) → (Xi,Bi) → Ti
such that (Wi, Ei) is log smooth over Ti and for every t ∈ Ti, the fiber Xi,t is a normal
projective variety of dimension d, (Wi,t, Ei,t) is a log resolution of (Xi,t,Bi,t) with Ei,t the
sum of strict transform of Bi,t and the reduced exceptional divisor, and the set of points t
corresponding to (X,B) ∈ D is dense in each Ti.
Note that if (X,B) ∈ D is isomorphic to a fiber (Xi,t0 ,Bi,t0) of (Xi,Bi)→ Ti, then it is a
good minimal model of (Wi,t0 , Ei,t0). Hence by [18, Corollary 1.4], for each positive integer
BOUNDEDNESS OF B-PLURICANONICAL REPRESENTATIONS 9
l such that lBi,t is integral,
h0(Xi,t, l(KXi,t + Bi,t)) = h0(Wi,t, l(KWi,t + Ei,t))
is constant for t ∈ Ti. Since the set of points t corresponding to (X,B) ∈ D is dense in
each Ti, over the generic point ηi ∈ Ti, KXi,ηi +Bi,ηi ∼Q 0. So by the Noetherian induction,
further replacing T by disjoint union of locally closed affine subsets (still denoted by ∪iTi),
we may assume that KX + B ∼Q 0.
As there are only finitely many Ti, we can reduce to the case that T = Ti. Note that by
the construction, every fiber (Xt,Bt) is a connected klt log Calabi–Yau pair. Recall that
by [18, Corollary 1.4], for each positive integer l such that lBt is integral (this condition is
independent of t), h0(Xt, l(KXt + Bt)) is constant for t ∈ T , which implies that the index
of (Xt,Bt) is a constant positive integer, denoted by k. In particular, k is also the minimal
positive integer such that k(KX + B) ∼ 0, as T is affine.
Consider the log resolution ψ : (W,∆)→ (X ,B) which is a log resolution on each fiber,
where KW +∆ = ψ∗(KX + B). Then for a non-zero section ω ∈ H0(W, k(KW +∆)), we
can consider µ : W˜ω →W to be the k-fold cyclic covering given by the section ω and take
φ : V → (W˜ω,∆W˜ω) to be a log resolution. Here we may assume that on each fiber of t ∈ T ,
φt : Vt → (W˜ω,t,∆W˜ω,t) is a log resolution by the Noetherian induction after replacing T
by disjoint union of locally closed affine subsets. Since Vt is in a bounded family, bd(Vt)
has a uniform upper bound. Hence by Lemma 2.7, there exists a constant N such that for
each t ∈ T , |ρk(Bir(Xt,Bt))| = |ρk(Bir(Wt,∆t))| ≤ N . 
Besides the proof of Theorem 3.1, Theorem 3.2 has also the following applications to
other known bounded families of log Calabi–Yau pairs.
Corollary 3.3. Let d be a positive integer and I a finite set in [0, 1]∩Q. Then there exist
two positive integers k and N depending only on d, I satisfying the following property: if
(X,B) is a connected klt log Calabi–Yau pair of dimension d, B is big and the coefficients
of B are in I, then k(KX +B) ∼ 0 and |ρk(Bir(X,B))| ≤ N .
Proof. It follows directly from [19, Theorem 1.3] and Theorem 3.2. 
Corollary 3.4. Let I be a finite set in [0, 1] ∩Q. Then there exist two positive integers k
and N depending only on I satisfying the following property: if (X,B) is a connected klt
log Calabi–Yau pair of dimension 3 such that X is rationally connected and the coefficients
of B are in I, then k(KX +B) ∼ 0 and |ρk(Bir(X,B))| ≤ N .
Proof. By Theorem 3.2, it suffices to show that such (X,B) belongs to a log bounded
family modulo B-birational contractions. In fact, such (X,B) belongs to a log bounded
family modulo flops, which is proved by [6, Theorem 4.1] if B 6= 0 and by [6, Corollary
5.5] and [21, Theorem 1.3] if B = 0. 
Corollary 3.5. There exist two positive integers k and N satisfying the following prop-
erty: if X is a non-canonical klt Calabi–Yau variety of dimension 3, then kKX ∼ 0 and
|ρk(Bir(X, 0))| ≤ N .
Proof. By Theorem 3.2, it suffices to show that such (X, 0) belongs to a log bounded
family modulo B-birational contractions. In fact, such (X, 0) belongs to a log bounded
family modulo flops, which is proved by [21, Theorem 1.4]. 
3.2. Non-klt case. In this subsection, we deal with the non-klt case.
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Theorem 3.6. Let m be a positive integer. Then there exists a positive integer N depending
only on m satisfying the following property: if (S,B) is a projective connected non-klt lc
pair of dimension 2 such that m(KS +B) ∼ 0, then |ρkm(Bir(S,B))| ≤ N for any positive
integer k.
Remark 3.7. In the proof of Theorem 3.6, we follow the idea in [15, Proof of Theorem 3.15,
Case 1]. But as we are interested in the boundedness of B-pluricanonical representations,
we need to put extra effort. For example, we need to show the lc centers of (S,B) satisfy
certain boundedness. To this end, we show in Lemma 3.13 that certain special lc centers
of (S,B) are bounded after replacing (S,B) by a B-birational model. Then we can modify
the argument in [15, Proof of Theorem 3.15, Case 1] to prove Theorem 3.6. On the other
hand, in Section 4, following the idea in [9, Theorem 3.5] and [16, Page 560, Step 2],
we can give an alternative proof of Theorem 3.6 which involves more technical inductive
arguments by using (pre-)admissible sections, see Remark 4.6.
Firstly we recall the following well-known connectedness lemma (cf. [24, 12.3.2], [9,
Proposition 2.1], [10, Proposition 2.4], [25, Proposition 5.1], [16, Claim 5.3]).
Lemma 3.8 (Connectedness lemma, [16, Claim 5.3]). Let (X,∆) be a projective connected
lc pair with KX +∆ ∼Q 0. Then ⌊∆⌋ has at most 2 connected components.
Recall that a set of smooth curves is a chain (resp. cycle) if their dual graph is a chain
(resp. cycle), and end curves of a chain are those curves corresponding to end points of
the dual graph. Here we allow two curves intersecting at two distinct points to be a cycle.
Lemma 3.9. Let (S,B) be a projective connected dlt pair of dimension 2 such that KS +
B ∼Q 0. Then ⌊B⌋ has at most 2 connected components, and each connected component is
either a chain or a cycle. In this setting, we usually write ⌊B⌋ = T0+T1, where T0 consists
of connected components which are cycles, and T1 consists of connected components which
are chains, and denote Te to be the sum of all end curves in T1.
Proof. As (S,B) is dlt, all irreducible components of ⌊B⌋ are normal curves and any
two curves intersect transversally at a smooth point of S. Moreover, for any irreducible
component D of ⌊B⌋, we have KD + BD = (KS + B)|D ∼Q 0 by the adjunction formula.
Hence D is either a rational curve or an elliptic curve, and degBD ≤ 2, which implies that
each irreducible component of ⌊B⌋ intersects at most two other irreducible components of
⌊B⌋. 
Lemma 3.10. Let (S,B) be a projective connected dlt pair of dimension 2 such that
KS+B ∼Q 0. Let π : S ′ → S be any log resolution of (S,B), write π∗(KS+B) = KS′+B′.
Then the image of π gives a natural 1-1 correspondence between connected components of
B′=1 and those of ⌊B⌋, which preserves the type of each connected component. Moreover, if
one connected component of B′=1 is a chain, then π maps the end curves of this connected
component to those of the corresponding connected component of ⌊B⌋ .
Proof. After replacing S by its minimal resolution, we may assume that S is smooth. Note
that this does not change ⌊B⌋. We can factor π : S ′ → S into blowups at points
S ′ = Sk → Sk−1 → · · ·S1 → S0 = S,
where πi : Si → Si−1 is a blowup at a smooth point, and write π∗i (KSi−1+Bi−1) = KSi+Bi.
Then we can consider B=1i in each step. If the blowed up point is not a 0-dimensional
stratum of B=1i−1, then B
=1
i is isomorphic to B
=1
i−1; if the blowed up point is a 0-dimensional
stratum of B=1i−1, then B
=1
i is obtained by replacing this point by a smooth rational curve,
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and in this case, this blowup preserves types of irreducible components and end curves of
chains. So we can conclude the lemma inductively. 
The following lemma is well-known to experts (see, for example, [2, Lemma 1.4]).
Lemma 3.11. Let S be a smooth projective minimal surface and B =
∑
i biBi an effective
Q-divisor on S such that bi ≤ 1 for all i. Assume that KS + B ∼Q 0. Then one of the
following is true:
(1) B = 0 and KS ∼Q 0;
(2) S ≃ P2 with ∑i bi ≤ 3;
(3) S ≃ Fn for some integer n ≥ 2 with
∑
i bi ≤ 4;
(4) S is a P1-bundle over an elliptic curve with
∑
i bi ≤ 2.
In particular, ⌊B⌋ has at most 4 irreducible components.
Proof. If B = 0, then KS ∼Q 0, which gives (1). From now on, we assume that B 6= 0.
Then KS ∼Q −B 6= 0 is not pseudo-effective. By the minimality of S, S is either P2 or a
P1-bundle over a smooth curve C.
Suppose that S ≃ P2. Then∑i bi ≤∑i bi(Bi · ℓ) = (−KS · ℓ) = 3 by KS +B ≡ 0, where
ℓ is a line on P2. This is (2).
Suppose that f : S → C is a P1-bundle over a smooth curve C. Since KS + B ∼Q 0,
by the canonical bundle formula (see [14, Theorem 3.1]), −KC is pseudo-effective, which
implies that C is either a rational curve or an elliptic curve. If C is a rational curve, then
S ≃ Fn and
∑
i bi ≤ 4 by [2, Lemma 1.3]. This is (3). If C is an elliptic curve, then we
know that KS + B ∼Q f ∗KC . Again from the the canonical bundle formula, B does not
contain any fiber of f . Hence
∑
i bi ≤
∑
i bi(Bi · F ) = (−KS · F ) = 2, where F is a fiber
of S → C. 
Lemma 3.12. Let (S,B) be a projective connected lc pair of dimension 2 such that KS +
B ∼Q 0. Suppose that (S, ⌊B⌋) is log smooth. Then there exists a projective birational
morphism π : (S ′, B′) → (S,B), where KS′ + B′ = π∗(KS + B), such that S ′ is smooth,
(S ′, B′) is dlt, and if we write ⌊B′⌋ = T0 + T1 as in Lemma 3.9, then T0 ≤ π−1∗ ⌊B⌋.
Proof. As (S, ⌊B⌋) is log smooth, we can construct a dlt model of (S,B) by a sequence of
blowups along 0-dimensional lc centers of (S,B) avoiding blowing up 0-dimensional strata
of ⌊B⌋, say π : (S ′, B′)→ (S,B), where KS′+B′ = π∗(KS+B), such that S ′ is smooth and
(S ′, B′) is dlt. Note that irreducible components of ⌊B′⌋ consist of irreducible components
of π−1∗ ⌊B⌋ and some exceptional divisors of π. By the construction of S ′, there is no
exceptional divisor appearing in T0, so T0 ≤ π−1∗ ⌊B⌋. 
The following lemma is the key lemma in this subsection, which tells that for any con-
nected lc log Calabi–Yau pair of dimension 2, there is a “nice” B-birational model.
Lemma 3.13. Let (S,B) be a projective connected lc pair of dimension 2 such that KS +
B ∼Q 0. Then there exists a dlt pair (S ′, B′) B-birational to (S,B) such that S ′ is smooth,
and if we write ⌊B′⌋ = T0 + T1 as in Lemma 3.9, then T0 has at most 6 irreducible
components.
Proof. We may assume that S is smooth after taking the minimal resolution. After running
a KS-MMP, we get a birational morphism π : S → S0 to a minimal surface S0. Then
KS0 + π∗B ∼Q 0 and ⌊π∗B⌋ has at most 4 irreducible components by Lemma 3.11. Note
that (S0, π∗B) is lc but not necessarily dlt. (S0, π∗B) being lc implies that any two curves
in ⌊π∗B⌋ intersect transversally.
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For a component D of ⌊π∗B⌋, we know that
2pa(D)− 2 = (KS0 +D) ·D ≤ (KS0 + π∗B) ·D = 0.
Hence pa(D) = 0 or 1, moreover, if pa(D) = 1, then D is disjoint from Supp(π∗B − D).
As ⌊π∗B⌋ has at most 2 connected components, it has at most 2 singular irreducible
components. Moreover, a singular irreducible component can be resolved by the blowup at
its singular point. So after at most two blowups, we get a B-birational model (S1, B1) →
(S0, π∗B) such that (S1, ⌊B1⌋) is log smooth and ⌊B1⌋ has at most 6 irreducible components.
Then we can apply Lemma 3.12 to (S1, B1). 
Remark 3.14. The bound on the number of irreducible components of T0 could be much
sharper by carefully discussions case by case. Indeed, it can be shown that we can construct
(S ′, B′) such that T0 has at most 4 irreducible components. Since we won’t need a sharp
bound in this paper, we are satisfied with the bound in Lemma 3.13 and left the details to
those interested readers.
The following lemma is a modification of [15, Remark 2.15] in our situation.
Lemma 3.15. Let (S,B) be a projective connected dlt pair of dimension 2 such that
m(KS+B) ∼ 0 for a positive integer m. Consider ⌊B⌋ = T0+T1 and Te as in Lemma 3.9.
Assume that irreducible components of Te are disjoint from each other. Then a B-birational
map g : (S,B) 99K (S,B) induces natural automorphisms
g∗ : H0(T0, m(KT0 +BT0))→ H0(T0, m(KT0 +BT0)),
g∗ : H0(Te, m(KTe +BTe))→ H0(Te, m(KTe +BTe))
where KT0 +BT0 = (KS +B)|T0, KTe +BTe = (KS +B)|Te.
Proof. Consider a common log resolution
(S ′, B′)
α
zztt
tt
tt
tt
t
β
%%❏
❏❏
❏❏
❏❏
❏❏
(S,B)
g
//❴❴❴❴❴❴❴❴❴❴ (S,B),
where KS′ + B
′ = α∗(KS + B) = β∗(KS + B). By Lemma 3.10, we can consider B′=1 =
T ′0+T
′
1 and T
′
e accordingly to ⌊B⌋ = T0+T1 and Te. Note that this expression is independent
of α and β. Since irreducible components of Te are disjoint from each other, it is clear that
α∗OT ′e = Te and β∗OT ′e = Te. By [15, Remark 2.15], we have α∗OT ′0 = T0 and β∗OT ′0 = T0.
Hence we get natural automorphisms
g∗ : H0(T0, m(KT0 +BT0))
β∗−→ H0(T ′0, m(KT ′0 +BT ′0))
(α∗)−1−→ H0(T0, m(KT0 +BT0)),
g∗ : H0(Te, m(KTe +BTe))
β∗−→ H0(T ′e, m(KT ′e +BT ′e))
(α∗)−1−→ H0(Te, m(KTe +BTe)),
where KT ′
0
+BT ′
0
= (KS′ +B
′)|T ′
0
and KT ′e +BT ′e = (KS′ +B
′)|T ′e. 
The following lemma is a modification of [15, Lemma 2.16] in our situation.
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Lemma 3.16. Let (S,B) be a projective connected dlt pair of dimension 2 such that
KS +B ∼Q 0. Consider ⌊B⌋ = T0 + T1 and Te as in Lemma 3.9. Let g : (S,B) 99K (S,B)
be a B-birational map. Take a common log resolution
(S ′, B′)
α
zztt
tt
tt
tt
t
β
%%❏
❏❏
❏❏
❏❏
❏❏
(S,B)
g
//❴❴❴❴❴❴❴❴❴❴ (S,B),
where KS′ + B
′ = α∗(KS + B) = β∗(KS + B). By Lemma 3.10, we can consider B′=1 =
T ′0 + T
′
1 and T
′
e accordingly to ⌊B⌋ = T0 + T1 and Te.
(1) For any irreducible component C of Te, there exists an irreducible component C
′ of
Te and an irreducible component D of T
′
e, such that α|D and β|D are B-birational
morphisms
(D,B′D)
α|D
yyrr
rr
rr
rr
rr β|D
&&▼
▼▼
▼▼
▼▼
▼▼
▼
(C,BC) //❴❴❴❴❴❴❴❴❴❴ (C
′, BC′),
where KC + BC = (KS + B)|C, KC′ + BC′ = (KS + B)|C′, and KD + B′D =
(KS′ + B
′)|D. Therefore, β|D ◦ (α|D)−1 : (C,BC) 99K (C ′, BC′) is a B-birational
map.
(2) For any lc center P of (S,B) in T0, we can find an lc center Q of (S,B) contained
in P , an lc center R of (S ′, B′), and an lc center Q′ of (S,B) contained in T0 such
that α|R and β|R are B-birational morphisms
(R,B′R)
α|R
yyss
ss
ss
ss
ss β|R
&&▼
▼▼
▼▼
▼▼
▼▼
▼
(Q,BQ) //❴❴❴❴❴❴❴❴❴❴ (Q
′, BQ′),
where KQ+BQ = (KS+B)|Q, KQ′+BQ′ = (KS+B)|Q′, and KR+B′R = (KS′+B′)|R.
Therefore, β|R ◦ (α|R)−1 : (Q,BQ) 99K (Q′, BQ′) is a B-birational map. Moreover,
by the natural restriction map, H0(P,m(KP +BP )) ≃ H0(Q,m(KQ +BQ)) where
KP +BP = (KS +B)|P .
Proof. (1) is a direct consequence of Lemma 3.10. (2) is just [15, Lemma 2.16], the fact
that Q′ is in T0 follows from Lemma 3.10. 
Now we are ready to prove Theorem 3.6.
Proof of Theorem 3.6. By Remark 2.3, we can replace (S,B) by a B-birational dlt model
as in Lemma 3.13. In particular, we can assume that (S,B) is dlt, S is smooth, and T0 has
at most 6 irreducible components. Here we consider ⌊B⌋ = T0 + T1 and Te as in Lemma
3.9. Note that ⌊B⌋ 6= 0 as (S,B) is not klt. Fix any g ∈ Bir(S,B).
Suppose that T1 6= 0. We can consider Te. As T1 has at most 2 connected components,
Te has at most 4 irreducible components. After further blowups, we may assume that
irreducible components of Te are disjoint from each other. Since m(KS +B) ∼ 0,
H0(S,m(KS +B)− Te) = H0(S,−Te) = 0.
Therefore, the restriction map
H0(S,m(KS +B))→ H0(Te, m(KTe +BTe))
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is injective, where KTe + BTe = (KS + B)|Te. Write Te = ∐ki=1Ci with k ≤ 4. Write
KCi + BCi = (KS + B)|Ci. Applying Lemma 3.16(1), for each index i, g induces a B-
birational map (Ci, BCi) 99K (Ci′, BCi′ ) for some index i
′. Therefore, gk! induces a B-
birational map (Ci, BCi) 99K (Ci, BCi) for each i. Note that m(KCi +BCi) ∼ 0 and Ci is of
dimension 1, hence by [8, Proposition 8.4], there exists an integer N1 depending only on
m such that
|ρm(Bir(Ci, BCi))| ≤ N1.
Let h := 24 · (N1)!. Then (g∗)h induces the identity map on H0(Ci, m(KCi +BCi)) for each
i. By Lemma 3.15, there is a commutative diagram
0 // H0(S,m(KS +B))
(g∗)h

// H0(Te, m(KTe +BTe))
(g∗)h=id

0 // H0(S,m(KS +B)) // H
0(Te, m(KTe +BTe)).
It follows that (g∗)h = id on H0(S,m(KS +B)). In particular, |ρm(Bir(S,B))| ≤ h.
Suppose that T0 6= 0. Then by construction, T0 has at most 6 irreducible components
and at most 6 0-dimensional strata. In particular, T0 contains at most 12 lc centers of
(S,B), denoted by P1, . . . , Pl for l ≤ 12. Since m(KS +B) ∼ 0,
H0(S,m(KS +B)− T0) = H0(S,−T0) = 0.
Therefore, the restriction map
H0(S,m(KS +B))→ H0(T0, m(KT0 +BT0))
is injective, where KT0 +BT0 = (KS +B)|T0. By Lemma 3.16(2), for every Pi, we can find
lc centers Qi, Q
′
i of (S,B) in T0 such that (Qi, BQi) 99K (Q
′
i, BQ′i) is a B-birational map
and
H0(Pi, m(KPi +BPi)) ≃ H0(Qi, m(KQi +BQi))
by the natural restriction map, whereKPi+BPi = (KS+B)|Pi andKQi+BQi = (KS+B)|Qi.
Here Qi, Q
′
i also belong to the set {P1, . . . , Pl}. Therefore, gl! induces a natural B-birational
map gl! : (Qi, BQi) 99K (Qi, BQi) for each i. Note that m(KQi + BQi) ∼ 0 and Qi is of
dimension at most 1, hence by [8, Proposition 8.4], there exists an integer N1 depending
only on m such that
|ρm(Bir(Qi, BQi))| ≤ N1.
Let h′ := 12! · (N1)!. Then (g∗)h′ induces the identity map on H0(Qi, m(KQi + BQi)) for
each i. By the natural embedding
H0(T0, m(KT0 +BT0)) ⊂
⊕
i
H0(Pi, m(KPi +BPi)) ≃
⊕
i
H0(Qi, m(KQi +BQi)),
(g∗)h
′
induces the identity map on H0(T0, m(KT0 + BT0)). By Lemma 3.15, there is a
commutative diagram
0 // H0(S,m(KS +B))
(g∗)h
′

// H0(T0, m(KT0 +BT0))
(g∗)h
′
=id

0 // H0(S,m(KS +B)) // H
0(T0, m(KT0 +BT0)).
It follows that (g∗)h
′
= id on H0(S,m(KS +B)). In particular, |ρm(Bir(S,B))| ≤ h′. 
BOUNDEDNESS OF B-PLURICANONICAL REPRESENTATIONS 15
4. Applications
In this section, we discuss applications of Theorem 1.4 to Conjecture 1.5. Note that
Conjecture 1.5 can be viewed as the effective version of the abundance conjecture for log
Calabi–Yau pairs, so the framework of Fujino [9] provides an inductive argument between
Conjecture 1.1 and Conjecture 1.5.
4.1. Fujino’s work on (pre-)admissible sections. In this subsection, we recall some
key ideas of [9] (see also [16, 32]). Pre-admissible sections and admissible sections are used
in the inductive proof of the index conjecture.
Definition 4.1 ([9, Definition 4.1]). Let (X,∆) be a projective sdlt pair of dimension d.
Let m be a positive integer such that m(KX +∆) is Cartier. Let ν : X
′ = ∐iX ′i → X =
∪iXi be the normalization. Let ∆′ be the Q-divisor such that KX′ + ∆′ = ν∗(KX + ∆)
and ∆′i = ∆
′|X′i . We define pre-admissible section and admissible section inductively on
dimension:
(1) s ∈ H0(X,m(KX +∆)) is pre-admissible if the restriction
ν∗s|(∐i⌊∆′i⌋) ∈ H0(∐i⌊∆′i⌋, m(KX′ +∆′)|(∐i⌊∆′i⌋))
is admissible. Denote the set of pre-admissible sections by PA(X,m(KX +∆)).
(2) s ∈ H0(X,m(KX +∆)) is admissible if s is pre-admissible and g∗(s|Xj) = s|Xi for
every B-birational map
g : (Xi,∆i) 99K (Xj,∆j)
for every i, j. Denote the set of admissible sections by A(X,m(KX +∆)).
Note that if s ∈ A(X,m(KX +∆)), then s|Xi is Bir(Xi,∆i)-invariant for every i.
We can run the same inductive argument as in [9, Section 4] (see also [16, Section 5]
and [31, Section 5]). In the following we briefly recall the key results with proofs following
their ideas. Taking boundedness into account, Theorems A, B, C in [16] can be formulated
into the following conjectures:
Conjecture A. Let m, d be two positive integers. Then there exists a positive integer
M depending only on m, d satisfying the following property: if (X,∆) is a projective
(not necessarily connected) dlt pair of dimension d such that m(KX + ∆) ∼ 0, then
PA(X,Mm(KX +∆)) 6= 0.
Conjecture B (=Conjecture 1.1). Let m, d be two positive integers. Then there ex-
ists a positive integer N depending only on m, d satisfying the following property: if
(X,∆) is a projective connected dlt pair of dimension d such that m(KX + ∆) ∼ 0, then
|ρm(Bir(X,∆))| ≤ N .
Conjecture B’. Let m, d be two positive integers. Then there exists a positive integer N
depending only on m, d satisfying the following property: if (X,∆) is a projective connected
klt pair of dimension d such that m(KX +∆) ∼ 0, then |ρm(Bir(X,∆))| ≤ N .
Conjecture C. Let m, d be two positive integers. Then there exists a positive integer
M depending only on m, d satisfying the following property: if (X,∆) is a projective
(not necessarily connected) dlt pair of dimension d such that m(KX + ∆) ∼ 0, then
A(X,Mm(KX +∆)) 6= 0.
In the following, Conjecture •d (resp. Conjecture •≤d) stands for Conjecture • with
dimX = d (resp. dimX ≤ d). Note that for the above conjectures, Conjecture •d
naturally implies Conjecture •d−1 by considering fiber products with an elliptic curve.
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The following propositions are taken out from [16, Section 5] and [9, Section 4] by minor
modifications of proofs.
Proposition 4.2 (cf. [9, Proposition 4.5], [10, Proposition 4.15], [16, Claim 5.4], [31,
Lemma 5.11]). If Conjecture Cd−1 holds true, then Conjecture Ad holds true.
Proof. Let (X,∆) be a projective dlt pair of dimension d such that m(KX+∆) ∼ 0. Write
(X,∆) = ∐i(Xi,∆i) where (Xi,∆i) is a projective connected dlt pair of dimension d for
each i.
If ⌊∆⌋ = 0, then this is trivial because any section in H0(X,m(KX + ∆)) is pre-
admissible.
If ⌊∆⌋ 6= 0, then by Conjecture Cd−1, there exists a positive integer M depending only
on m, d such that A(⌊∆⌋,Mm(KX +∆)|⌊∆⌋) 6= 0. We may assume that M is even. Then
by [9, Proposition 4.5], for each i,
PA(Xi,Mm(KXi +∆i)))→ A(⌊∆i⌋,Mm(KXi +∆i)|⌊∆i⌋)
is surjective. Here we remark that [9, Proposition 4.5] requires that dimXi ≤ 3 and
Mm is sufficiently divisible, where the former condition is for applying [9, Proposition 2.1]
which can be removed by using [16, Claim 5.3], and the latter condition can be replace
by Mm(KXi + ∆i) ∼ 0 and Mm is even, hence we can apply [9, Proposition 4.5] in our
situation, see also [31, Lemma 5.11] for detailed discussions. As
A(⌊∆⌋,Mm(KX +∆)|⌊∆⌋) ⊂
⊕
i
A(⌊∆i⌋,Mm(KXi +∆i)|⌊∆i⌋),
there exists a non-zero section t ∈ H0(X,Mm(KX+∆)) such that t|⌊∆⌋ ∈ A(⌊∆⌋,Mm(KX+
∆)|⌊∆⌋). By definition, t is pre-admissible, and hence PA(X,Mm(KX +∆)) 6= 0. 
Proposition 4.3 (cf. [9, Theorem 3.5], [16, Page 560, Step 2]). If Conjecture Ad and
Conjecture B’d hold true, then Conjecture Bd holds true.
Proof. Let (X,∆) be a projective connected dlt pair of dimension d such thatm(KX+∆) ∼
0.
If (X,∆) is klt, then by Conjecture B’d, there exists a positive integer N depending only
on m, d such that |ρm(Bir(X,∆))| ≤ N .
If (X,∆) is not klt, then there exists a non-zero section t ∈ PA(X,m(KX + ∆)) by
Conjecture Ad. Note that in this case PA(X,m(KX + ∆)) = H
0(X,m(KX + ∆)) ≃
C. So ρm(g) ∈ C∗ for any g ∈ Bir(X,∆). On the other hand, by [9, Proposition 4.9],
for any g ∈ Bir(X,∆), g∗t|⌊∆⌋ = t|⌊∆⌋. So ρm(g) = 1 for any g ∈ Bir(X,∆), that is,
|ρm(Bir(X,∆))| = 1. 
Proposition 4.4 (cf. [9, Lemma 4.9], [31, Proposition 5.10]). If Conjecture Ad and Con-
jecture B’d hold true, then Conjecture Cd holds true.
Proof. Let (X,∆) be a projective (not necessarily connected) dlt pair of dimension d such
that m(KX + ∆) ∼ 0. Write (X,∆) = ∐i(Xi,∆i) where (Xi,∆i) is a projective con-
nected dlt pair of dimension d for each i. Our goal is to construct a non-zero section in
A(X, km(KX +∆)) for some positive integer k independent of (X,∆).
We may write (X,∆) = (X ′,∆′)∐ (X ′′,∆′′) into two parts where (X ′,∆′) consists of all
klt (Xi,∆i) and (X
′′,∆′′) consists of all non-klt (Xi,∆i). Then
A(X, km(KX +∆)) = A(X
′, km(KX′ +∆′))⊕ A(X ′′, km(KX′′ +∆′′))
BOUNDEDNESS OF B-PLURICANONICAL REPRESENTATIONS 17
for all positive integer k because there is no B-birational map between a klt pair and a
non-klt pair. Hence we only need to consider 2 cases: (Xi,∆i) is klt for each i, or (Xi,∆i)
is not klt for each i.
Suppose that (Xi,∆i) is not klt for each i. By Conjecture Ad, there exists a positive
integer M depending only on m, d such that PA(X,Mm(KX + ∆)) 6= 0. Then we claim
that A(X,Mm(KX + ∆)) = PA(X,Mm(KX + ∆)) 6= 0. In fact, it suffices to show that
if g : (Xi,∆i) 99K (Xj,∆j) is a B-birational map and s ∈ PA(X,Mm(KX + ∆)), then
g∗(s|Xj ) = s|Xi. As H0(Xi,Mm(KXi + ∆i)) ≃ H0(Xj,Mm(KXj + ∆j)) ≃ C, we may
assume that g∗(s|Xj) = λs|Xi for some λ ∈ C∗. On the other hand, g induces a natural
B-birational map g˜ ∈ Bir(X,∆) by exchanging Xi and Xj, hence by [9, Lemma 4.9],
g∗(s|⌊∆j⌋) = s|⌊∆i⌋. So either λ = 1 or s|⌊∆i⌋ = 0. If s|⌊∆i⌋ = 0, then s|⌊∆j⌋ = 0 and hence
g∗(s|Xj ) = s|Xi = 0. So in both cases g∗(s|Xj) = s|Xi.
If (Xi,∆i) is klt for each i, then
PA(X,m(KX +∆)) = H
0(X,m(KX +∆)) =
⊕
i
H0(X,m(KXi +∆i)).
Fix a section (si)i ∈ H0(X,m(KX + ∆)) where si ∈ H0(X,m(KXi + ∆i)) is non-zero
for each i. By Conjecture B’d, there exists a positive integer N depending only on m, d
such that |ρm(Bir(Xi,∆i))| ≤ N . This implies that ρN !m(Bir(Xi,∆i)) acts trivially on
H0(X,N !m(KXi +∆i)) ≃ C for each i. Denote t = (ti)i = (sN !i )i ∈ H0(X,N !m(KX +∆)).
If gij : (Xi,∆i) 99K (Xj,∆j) is a B-birational map, then we can write g
∗
ijtj = λijti for
some λij ∈ C∗. Note that if fij : (Xi,∆i) 99K (Xj,∆j) is another B-birational map, then
f−1ij ◦ gij ∈ Bir(Xi,∆i). As ρN !m(Bir(Xi,∆i)) acts trivially on H0(X,N !m(KXi +∆i)), this
implies that λij is independent of the choice of gij and λii = 1 for each i. So we can find
λi ∈ C∗ for each i such that λij = λiλ−1j if there is a B-birational map (Xi,∆i) 99K (Xj,∆j).
Then it is easy to check that the non-zero section t′ = (λiti)i ∈ H0(X,N !m(KX +∆)) =
PA(X,N !m(KX +∆)) is actually admissible. 
From the above inductive arguments, it is easy to get the following corollary.
Corollary 4.5. Conjecture C≤2 and Conjecture A≤3 hold ture.
Proof. This directly follows from Propositions 4.2 and 4.4 as Conjecture B’≤2 holds true
by Theorem 3.1. 
Remark 4.6. By Proposition 4.3 and Corollary 4.5, Conjecture B≤2 holds true. Note that
here we only use Theorem 3.1, so this indeed gives an alternative proof of Theorem 3.6.
4.2. Applications to the index conjecture. In this subsection, we give applications of
Theorem 1.4 to the index conjecture.
The following propositions are well-known to experts as inductive steps towards the
index conjecture.
Proposition 4.7 (cf. [16, Theorem 1.5]). If Conjecture 1.5 holds true for dlt pairs of
dimension d and Conjecture Ad holds, then Conjecture 1.5 holds true in dimension d.
Proof. The proof is essentially the same as [16, Theorem 1.5]. Let (X,∆) be a projective
slc pair of dimension d such that the coefficients of ∆ are in I and KX + ∆ ∼Q 0. We
may assume that X is connected. Take the normalization X ′ = ∐iX ′i → X = ∪iXi and a
dlt blowup ([25, Theorem 3.1]) on each X ′i. We get φ : (Y,Γ) → (X,∆) such that (Y,Γ)
is a projective (not necessarily connected) dlt pair and KY + Γ = φ
∗(KX + ∆). Note
that KY + Γ ∼Q 0 and the coefficients of Γ are in I ∪ {1}, hence by Conjecture 1.5 for
dlt pairs of dimension d, there exists a positive integer m depending only on d, I such
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that m(KY + Γ) ∼ 0. By Conjecture Ad, after replacing m by a constant multiple, we
may assume that m(KY + Γ) has a non-zero pre-admissible section, which descends to a
non-zero section of m(KX +∆) by [9, Lemma 4.2]. Hence m(KX +∆) ∼ 0. 
Proposition 4.8 (cf. [32, Theorem 1.7]). If Conjecture 1.5 holds true in dimension d−1,
then Conjecture 1.5 holds true for connected non-klt lc pairs in dimension d.
Here we give a simple proof different from [32, Theorem 1.7], which follows the idea of
[29, 9.9].
Proof. Let (X,∆) be a projective connected non-klt lc pair of dimension d such that the
coefficients of ∆ are in I and KX +∆ ∼Q 0. After taking a dlt blowup ([25, Theorem 3.1])
and replacing I by I ∪ {1}, we may assume that (X,∆) is dlt and in particular ⌊∆⌋ 6= 0.
If we write (KX +∆)|⌊∆⌋ = K⌊∆⌋ + Θ, then (⌊∆⌋,Θ) is an sdlt pair of dimension d − 1
by [9, Remark 1.2(3)] such that K⌊∆⌋+Θ ∼Q 0. By the adjunction formula ([24, Corollary
16.7] or [17, Lemma 4.1]), the coefficients of Θ belong to a set D(I) which is a DCC (i.e.,
descending chain condition) set of rational numbers depending only on I. Then by the
Global ACC ([17, Theorem 1.5]), the coefficients of Θ belong to a finite set I0 of rational
numbers depending only on I. Hence by Conjecture 1.5 in dimension d − 1, there exists
a positive integer m depending only on d, I0 such that m(KX + ∆)|⌊∆⌋ ∼ 0. Note that
m depends only on d, I as I0 depends only on I. As I is a finite set, after replacing m
by a multiple, we may also assume that m(KX + ∆) is a Weil divisor. Take the minimal
positive integer r such that rm(KX + ∆) ∼ 0. Take the index 1 cover of m(KX + ∆),
say π : Y → X , then KY + ∆Y = π∗(KX + ∆) ∼Q 0 where ∆Y is an effective Q-divisor
since π is e´tale in codimension one. Then (Y,∆Y ) is a connected lc pair of dimension d by
[26, Proposition 5.20]. As m(KX + ∆)|⌊∆⌋ ∼ 0, ⌊∆Y ⌋ = π−1⌊∆⌋ has at least r connected
components. Hence by the connectedness lemma (Lemma 3.8), r ≤ 2. In particular,
2m(KX +∆) ∼ 0. 
Now we can get some partial results of the index conjecture in low dimensions.
Proof of Corollary 1.6. It suffices to proof the corollary for dimX = 3, as lower dimen-
sional case can be reduced to higher dimensional case by taking fiber products with an
elliptic curve. By Proposition 4.7 and Corollary 4.5, it suffices to prove Conjecture 1.5 for
dlt pairs in dimension 3. If X is klt and ∆ = 0, then this is proved by [21, Corollary 1.7].
The remaining cases are proved by [32, Theorem 1.13]. 
Proof of Corollary 1.7. This follows directly from Proposition 4.8 and Corollary 1.6. 
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